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This work is a continuation of the papers [1], [2], [3] and [4], in which
we studied the metrics on R4+ = R
3 × R+ with the canonical coordinates
































xbxb and a is a constant.






Fijduiduj , Fij = Fji,
where u1 = r, u2 = θ, u3 = φ, u4 = x4 and
x1 = r sin θ cosφ, x2 = r sin θ sinφ, x3 = r cos θ,
and (r, θ, φ) are the polar coordinates of R3, which satisfies the Einstein
condition and
Fij = Fij(u1, u2) except for F44 = F44(u1, u2, u4)
and
F12 = Fαλ = 0 (α = 1, 2;λ = 3, 4).






= 0 and F33 = ψ(u1) sin 2u2,
and, as was proved in [4], any geodesic of this metric is a plane curve in R3.
And the metric (1.2) is the one essentially depending on the longitude φ
and any geodesic of this metric is not plane in R3 in general. For a geodesic







+Axb +Cδ3b = 0
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Φ = − 2 + 3ar
2
r2(1 + ar2)







The curve (xb(t)) in R














by Proposition 2 in [4].
In this work we shall try to express these metrics in more concrete forms.
















α2 + x4x4 + α√



















α2 + x4x4 + α
=
√
α2 + x4x4 − α
x4
,









































































x4x4(α2 − x4x4) .
For 0 < x4 < α, we have
α2dx4dx4























from which we obtain
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where a = −1/α2 and ζ > 0. For a geodesic (xi(t)) of the metric (1.2′′), the


























Using the relation x4 = α/ cosh ζ, we obtain
dx4
dt


































Last for x4 > α, we have
α2dx4dx4
x4x4(α2 − x4x4) = −α
2 dx4dx4













































= α sec ζ
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where a = −1/α2 and 0 < ζ < pi/2. For a geodesic (xi(t)) of the metric











































Thus we have a proposition as follows.
Proposition A. For any geodesic (xi(t)) in R
4
+ of the metric (1.2), the
function ζ(t) defined as above for the expressions (1.2′), (1.2′′) and (1.2′′′)
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Remark B. By means of specializing the quantities in (1.4′) ∼ (1.4′′′), we
may construct special theories on the orbit of the geodesics.
Finally, regarding Proposition A we consider the case in which C = 0.











































Hence we have cos θ = 1 or −1, and so we may put xb(t) = ab(1 ± t) and
r2 =W 2(1± t)2, where W =√∑b abab.
dx
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2(β2 − (1± t)2) = 0
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respectively, where y = ζ and β = α/W . We solve these differential equa-






dy for y > 0
and another auxiliary function as follows:
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2(β2 + (1± t)2) = 0
and (1.6′′) and (1.6′′′) become analogous expressions. They are essentially
equivalent to (1.5′) ∼ (1.5′′′).









n with bmn = 0 for n < m, we have
(β2 − 1)a2 = 0, 6(β2 − 1)a3 ∓ 4a2 + a1 = 0,



















from which we obtain in Case I : β2 6= 1,
a2 = 0, a3 = − 1
6(β2 − 1)a1, a4 = ∓
1
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and in Case II : β2 = 1,
a2 = ±1
4
a1, a3 = ∓ 1
12















a6 = ± 19x11
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